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Abstract 

We estabhsh the existence of ground states on for the Laplace operator involving 
the Hardy type potential. This gives rise to the existence of the principal eigenfunctions 
for the Laplace operator involving weighted Hardy potentials. We also obtain a higher 
integrability property for the principal eigenfunction. This is used to examine the 
behaviour of the principal eigenfunction around 0. 



1 Introduction 



In this paper we investigate the existence of ground states of the Schrodinger operator 
associated with the quadratic form 

(1.1) Qy{u)= f {\Vu\^ - KvV{x)u')dx, ueC^{^^), N 
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where V belongs to the Lorentz space L^'°°{'R^) and Ay is the largest constant (whenever 
exists) for which the form Qv is nonnegative. This assumption implies that the potential 
term J^i^ V{x)u'^ dx is continuous in D^'^(R^), where D^''^{EJ^) is the Sobolev space obtained 
as the completion of C^(]R^) with respect to the norm 



\u\ 



D 



1,2 



I VmP dx. 



We are mainly interested in the case of the Hardy type potential V{x) = with m G 
L°°(M^). Assuming that V is positive on a set of positive measure, the constant Ay is given 
by the variational problem 



(1.2) Ay= inf / iVul'dx 

ne-Di.2(KiV)_ /j.jv V«2 dx=l J^N 

and the continuity of J^p, V{x)u'^ dx implies that Ay > 0. If problem (11.21) has a minimizer 
u, then it satisfies the equation 

(1.3) ~ Au- AvV{x)u = 0. 
A solution of (II. 3p is understood in the weak sense 

(1.4) / VuV(l)dx = Av V{x)u(j)dx, 

Jrn Jr'v 

for every G D^'^(R^). 

Since \u\ is also a minimizer for Ay, we may assume that u > a.e. on M^. In particular, 
when V{x) = with m G L°°(R^), then u > on R-'^ by the Harnack inequality [14]. 

\x\ 

If the potential term is weakly continuous in D^'^(R^), for example, when V{x) = 
with m G L°°(R^) and lim|^|_j.oo m(x) = lim^^Qmlx) = 0, then there exists a minimizer for 
Ay. We will call the minimizer of (II. 2p a ground state of finite energy. In general, (II. 2p 
may not have a minimizer. This is the case for the Hardy potential V{x) = with the 

corresponding optimal constant Ay = A^v = (^^^^^ ■ ground state of finite 

energy is a particular case of the generalized ground state, defined as follows (see |2l], [26] 
and |2l 



Definition 1.1 Let Q C R^ be an open set, and let Qv be as in ( fi. ij) . A sequence of 
nonnegative functions Vk G C^{VL) is said to be a null-sequence for the functional Qy if 
Qv{vk) — > 0, as A; — 7- oo, and there exists a nonnegative function ifj G C^{Q) such that 
Jq "^Vk dx = 1 for each k . 

Let us recall that the capacity of a compact set E relative to an open set Q C M^, with 
E C fl, is given by 

cap {E,n) = inf{ / {Vul"^ dx; u G C^i^), with u{x) > 1 on E}. 
Jn 




In the case Q = R'^ we use notation cap (E) (see [23]). 



We can now formulate the following "ground state alternative" (see [26], |27]). 

Theorem 1.2 Let V be a measurable function bounded on every compact subset of Q = 

— Z, where Z is a closed set of capacity zero, and assume that Qv{u) > for all 
u G C^{Q). Then, if Qv admits a null sequence Vk, then the sequence Vk converges weakly 
in H^^^(R^) to a unique (up to a multiplicative constant ) positive solution of 

This theorem gives rise to the definition of the generalized ground state. 

Definition 1.3 A unique positive solution v of U.!^) is called a generalized ground state of 
the functional Qy, if the functional admits a null sequence weakly convergent to v. 

If V{x) = j^2, the functional Qv has a ground state v{x) = \x\^~^ of infinite D^'"^ norm, 
while f ll.2p has no minimizer in D^'^(M'^). 

It is important to note that the functional Qy with the optimal constant Ay does not 
necessarily have a ground state. We quote the following statement from [27J . 

Theorem 1.4 Let V be a measurable function bounded on every compact subset of Q = 

— Z, where Z is a closed set of capacity zero, and assume that Qy{u) > for all 
u G C'^{VL). Then either Qy admits a null sequence, or there exists a function W , positive 
and continuous on Vt, such that 



For example, let m be a continuous function on — {0} such that m[x) = for 
< < 1, m{x) e [|, 1] for G (1, 2) and m{x) = ^ for |x| > 2. Then Ay = f ^) 



and the functional Qy does not admit a null sequence. From Theorem 11.41 follows that Qy 
satisfies (11. 5p with some function W positive on — {0}. 

Obviously, ground states of finite D^'"^ norm are principal eigenfunctions of (II. 3p . There 
is a quite extensive literature on principal eigenfunctions with indefinite weight functions 
for elliptic operators on M^, or on unbounded domains of M^, with the Dirichlet boundary 
conditions. We mention papers [2], [6], [7], [15], [19], [21], [29], [30], [31], where the exis- 
tence of principal eigenfunctions has been established under various assumptions on weight 
functions. These conditions require that a potential belongs to some Lebesgue space, for 
example L^(]R^) with p > y. These results have been recently greatly improved in papers 
[3] and p3], where potentials from the Lorentz spaces have been considered. To describe the 
results from [3] and [33] we recall the definition of the Lorentz space [5], [18], [21] . 



(1.5) 
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Let / : — )• M be a measurable function. We define tlie distribution function a/ and 
a nonincreasing rearrangement /* of / in the following way 



af{s) = \{x e W^; \f{x)\ > s} and f*{t) = mi{s > 0; a/(s) < t}. 

We now set 



(Cl^'rWl^f)' if l<P,g<oo, 
supt>o f*it) if 1 < p < oo, q = oo. 



The Lorentz space L^'''(]R^) is defined by 

The functional is only a quasi-norm. To obtain a norm we replace / by f**{t) 

t Jo J — definition of 



^ /o /*('^) '^^ ^f^^ definition of ||/||(p„), that is, the norm is given by 



(/o"[i'rW]^f)' if l<P,g<oo, 
sup(>Qi(:p/**(t) if 1 < p < oo, g = cx). 



L^'''(R^) equipped with the norm is a Banach space. 

In paper [33] the existence of principal eigenfunctions has been established for weights 
belonging to Ui<g<^L-''?(M^). This was extended in J3j to a larger class of weights J-'jv 

obtained as the completion of C7^(]R^) in norm || ■ || iv ^■ 

However, these conditions do not cover the singular weight functions considered in this 
paper. By contrast, in our approach we give an exact upper bound for the principal eigenvalue 
which allows us to prove the existence of the principal eigenfunction. We point out that if 
V G L"2"'°°(]R^), then the functional J^j^ V {x)u'^ dx is continuous on D^''^{R'^), but not 
necessarily weakly continuous. 

The paper is organized as follows. In Section 2 we prove the existence of minimizers 
with finite norm D^'2(M^) and also with infinite norm D^''^(M.^). In Section 3 we discuss 
perturbation of a given quadratic form Qva with K G L~'°°{R^). We show that if Qk, has 
ground state, then this property is stable under small perturbations of K- This is not true 
if Qvo does not have a ground state; rather it is stable under larger perturbation of K- The 
final Section is devoted to a higher integrability property of minimizers of Qv„ in the case 
where Vo{x) = ^ with m G L°°(M^). We also examine the behaviour of the principal 
eigenfunction around 0. 

Throughout this paper, in a given Banach space we denote strong convergence by " — )■ " 
and weak convergence by " ^ ". The norms in the Lebesgue space L'p{Q), 1 < p < oo, are 
denoted by \\u\\p. 
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2 Existence of minimizers 



We consider the Hardy type potential V{x) = with m E L°°(K^). In Theorem 12.21 
we formulate conditions on m guaranteeing the existence of a principal eigenfunction. Let 
7+ > 1 and 7_ > 1. In our approach to problem ( II ■2p the following two limits play an 
important role: it is assumed that the following limits exist a.e. 

(2.1) m+(x) = lim m{-f-Lx) 
and 

(2.2) m^{x) = lim m{-fZ''x). 

Both functions m± satisfy m±{'j±x) = m±{x), that is, m± are homogeneous of degree 0. We 
now define the following infima: 

(2.3) A^= inf I^-l^^l'dx 
(we use the notation instead of Ay) and 

I \^ u I dx 



(2.4) A± = inf 



Lemma 2.1 The following holds true 

(2.5) A^ <min(A+,A_). 

N-2 

Proof Let u E D^'2(M^) - {0}. Testing A^ with 7+ ^ u{^~^x) gives 

^/i^iv I I dx 



A™ < 



Letting j — )■ 00 and using the Lebesgue dominated convergence theorem, we obtain 



A^. < 



The inequality A^ < A+ follows. The proof of the inequality A^ < A_ is similar. □ 
In the case when the inequality fl2.4p is strict problem fl2.2p has a minimizer. 

Theorem 2.2 Assume that the convergence in Ii2.1\) is uniform on sets {x E M^; \x\ > R} 
for every R > and that the convergence in /12.B) is uniform on sets {x E M^; |a;| < p} for 
every p > 0. If < min(A+, A+), then problem Ii2.3\) has a minimizer. 
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Proof Let {uk} C D^''^(R^) be a minimizing sequence for A^, that is, 



/ \Vuk\'^ dx ^ Am and / 



m(x\ 



Ul. dx = 1. 



\X 



We can assume, up to a subsequence, that ^ to in D^'^(M^), L^(M^, and — )■ to in 



L2^^^(M^) for some w E D^'^{R^). Let Vk ^ Uk - w. We then have 



(2.6) 
and 



Ul. dx 



m{x) 



w dx + 



m{x) 



rfx + 0(1) 



(2.7) Am= / \Vuk\'^dx + o{l)^ [ \Vw\'^dx+ [ \Vvk\''dx + o{l). 

We define a radial function x+ £ C^(M^) such that < x+i^) < 1, X+(2^) = for |x| < 7^ 



-2i 



and x+(a;) = 1 for |x| > 7^^. Let X'!_(x) = 1 — x+(2;)- In what follows we use Oi^\^{l) to 
denote a quantity such that for each j e N, ol^\^{l) as k ^ 00. Thus 

m(x) , i \ 2 , . f m{x) / i ^2 



(2.8) 



m[x 2 , 
-vt dx 



]gjv \X 



RN \X 



,{v,x'.ydx+l ''^{vux\fdx + o^\^{l) 

JR'' 



Ir 



mhjx) / _n2 , 
—[Vk) dx + 



JJAT \X\ 

771(7:^.2;) 



RJV \X 



\x\ 



where 
and 



^ki^)^!- ' ■yfe(7Z^a;)x-(7-^a;) 



We now estimate the integrals involving v'^ and v'^. We have 



/ 

JR 



m 



JJAT \X 



^^K) d^ - 



m^ix] 



jjjv |X| 



[Vk f dx 



< 



m(7_"'x) — m_(x) 



+ 



'l^l<7- 

mijZ'' x) — m-{x) 



\x\ 



f dx 



7_'<k|<7i7+ 



\X\ 



Ji + J2. 



By the uniform convergence of m(y_-'x) to m_(a;) we see that J\ < e for j' sufficiently large 
uniformly in k. For J2 we have 



J2 < 2||mi 



dx. 



23 kc 



It is clear that J2 is a quantity of type o^^2^go(l). Therefore, we have 



(2.9) 



/ 

^R 



m 



RN \X 



{l-X) _ 2 , 

F^K) dx 



m_(x), _,2 , 



R^ F 



< 6 + 0,(1). 
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In a similar way we obtain 



(2.10) 



2 y^tfdx- 



—K) dx 



< 0Eoo(l)- 



for J sufficiently large. We now fix j G N so that (12.91) and (12.101) hold. Consequently, we 
have 



(2.11) 1 < / 



m[x 



-— ^-u; dx + 




P Jm. 


N \x\ 



-{v^fdx + 



We now estimate Jj^^r | Vv^p dx in the following way 



Jrn 



dx 



|V(t;fcX- +Vkxi)\'^dx 
\V{v,x^)\'dx+ [ \V{v,xi)\'dx 



+ 2 V{vkx'-)V{vkxi)dx 

|Vw^|2rfa;+ / \Vv-^\'^dx + 2 / \Vvk\'^x^xi dx 
Jrn Jrn 



+ 21 VkVvkVx-X+dx + 2 I VkVvkX-'^X+dx 

'RJV 



+ 2 / vlVx'-^xidx 
Jrn 

> / \Vv^\^dx+ / \Vv'^\^dx + 2 / VkVvkVx^_xidx 

JR'V jRiV J^N 



+ 21 VkVvkX-'^X+dx 
+ 2 / vlVx'-^x'+dx. 



Since f fc — )■ in Lj^^(]R ) we obtain the following estimate 

/ \Vvk\'dx> [ \Vv,;\^dx+ [ \Vvt\'dx + o^,^ljl). 

JR^ JR^ JR^ 

This, combined with (12. 6p . gives the following estimate 

Am > \Vw\'^dx+ / \Vv^\^dx+ / \Vv^\'^ dx + Oj{l) 
Jr^ Jrn Jrn 

m_(x) 



(2.12) 



> Am 

+ A+ 



m(x 



w dx + A_ 



m+(x) 



R^ p| 



Ijjv \X 

(i) 
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Let A* = min(A_, A+). We deduce from fl2JT]) and (l2A2l) that 



(A, - A„) ( / 



m^(x) , ,0 r "^+(2;)/ +n2 r \ ^ A (i) 



Letting A; — )■ 00 we obtain 

fc-s>oo \JrN \x\ \x\ ) 

It then follows from ( I2.1ip that 



m 



(A, - A^) 



m(x) 2 7 , 2eA„ 
1 < / I 1^ w ax + 



/rJV (a* — Am) 

Since e > is arbitrary we get J^^ ^j^^'^ dx = 1 and the result follows. □ 

In what follows, we use denote by m(oo) = lim|a;|_j.oo rn(x), assuming that this limit exists. 
As a direct consequence of Theorem 12.21 we obtain the following result. 



Theorem 2.3 Let m E L°°(M^) and assume that m is continuous at 0. Further, suppose 
that m(oo) > and m(0) > 0. If Am < An min( ^^^.^ , ;^^), then there exists a minimizer 
for Am- 



Remark 2.4 A^ has a minimizer also in the following cases, corresponding formally to A+ 
or A_ taking the value +00. 

(i) Let m(0) = and m{oo) > 0. If Am < ^^-^ , then a minimizer for Ai{m) exists. 

(ii) Let m(0) > and m(oo) = 0. If Am < then a minimizer for Ai{m) exists. 
(Hi) If m{0) = m(oo) = 0, m{x) > and ^ on M^, then Am has a minimizer. 

We point out that Theorem 12.31 and the results described in Remark 12.41 can be deduced 
from Theorem 1.2 in [32]. Unlike in paper [32], to obtain Theorem 12.31 we avoided the use 
of the concentration - compactness principle. 

We now give examples of weight functions m satisfying conditions of Theorems 12.21 and 
2.3. In general, functions satisfying this condition have large local maxima. 

for < |x| < 1, 
for 1 < |x| < 2, 
for 2 < 

where A > is a constant to be chosen later and mi : 5(0, 1) — {0} — )■ [0,oo), m2 : 
(1 < l^l < 2) ^ [0, 00) and mg : \ B{0, 2) [0, 00) are continuous bounded functions 



Example 2.5 Let 

{mi{x) 
Am2{x) 
rrisix) 
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satisfying the following conditions: mi{x) = for \x\ = 1, m2{x) = for \x\ = 1, m2{x) = 
for \x\ = 2, m2{x) > for 1 < |a:| < 2, m^lx) = for \x\ = 2. Further we assume that 

a + |xi||x2| + . . . + |xAr_i||Xiv| 

for \x\ > R > 2, where a > 0, b > and R constants. A function mi{x) for small d > is 
given by 

mi{x) 

for < \x\ < 6 < 1. We have 

lim mAlix) = lim + '^^"^^J. + " " " + = l-^W^^l + . . . + \x^-,\M ^ ^^^^^ 



\xi\ 


+ ■ 




+ \xn\ 




\x\ 





and 



lim m^(7_"'x) 



\xi\ 


+ ■ 




+ \xn\ 




\x\ 





Both limits are uniform. Since m_ and m+ are bounded, A_ and are positive and 
finite. We have 

for A large. By Theorem \2.S[ Am with m = niA has a minimizer. 



Example 2.6 Consider a sequence of functions of the form mk{x) = BMk{x) + Af{x), k = 
1,2,..., where A > 0, B > are constants and and f are continuous functions satisfying 
the following conditions: 

(a) Mfc(O) = 1, Mfc(x) > on R^, A'4(cx)) = for k = 1,2, .. 

(b) Mfc(x) = k on 1 < \x\ < 2 for k = 1,2,. . ., 

(c) f{x) >0 on R^, /(O) = and f{oo) = 1. 

Then mk{0) = B and mfc(oo) = A for k = 1,2, . . .. We show that for k sufficiently large 
ruk satisfies the conditions of Theorem \2.3[ Let u{x) = exp(— (one can take any other 
function from L'^'^(R^) which is ^ on {1 < \x\ < 2)). Thus 

^ ^ /ig^ |V(exp(-|a:|))pd3: ^ J^^ \V {exp{-\x\))\'^ dx 

- j^^^iH.M+M£)exp(-2|x|)cix " B J^^ ^ exp{-2\x\) dx ' 

as oo. So we can find ko > 1 so that 

< AArinin f^, -^j fork>ko. 
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In Proposition l2.7[ below, we described a class of weight functions m satisfying conditions 
of Theorem 12.31 

Proposition 2.7 Let m E C(M^). Suppose that m{x) > 0, m(0) > and m(oo) > 0. 
Assume that there exists a ball B{xm, f) such that m{x) > m{xM) > for x G B{xm, f') (^nd 
O^B{xM,r). If 

^2 13) ^(0) rnjoo) ^ r\N - 2f 



m{xM) ' m{xM) 2(r + \xM\y{N + 1)(A^ + 2) ' 
Then Am < Ajv min(^^j|gj, ^^^^ ) ■ (Hence, there exists a minimizer for Am-) 
Proof Let u E Hl{B{xM,r)) - {0}. Then 

mix) 2 1 ^ I \ f 7 ^ "mixM] 



v?dx>m{xM) / -j— [7 f^a; > ■ r-^ / u^dx. 



B{xM,r) fI Jb{xm)\^\ [r+\XM\) jB(xM,r) 

Hence 

lr3f AVu\'^dx {r + \xm\Y Int ^|V^^P(ix 



Since H^{B{xM,r)) - {0} C {u E D^''^{R^y, J^^ ^u"^ dx > 0} we deduce from the above 
inequality that 



(2.14) Am<^^^^P^XnB{xM,r)), 

m{xM) 

where Xi{B{xM,r)) denotes the first eigenvalue for " — A" in B{xM,r) with the Dirichlet 
boundary conditions. We now estimate Af = Xi{B{xM,r)). We test Af with v{x) = 
r — |x — xm| for X e B{xm, r). We have 

dx = / {r—\x\Ydx = UN [ {r — s)'^s^~^ ds 



Bix,„r) JBiO,r) Jo N{N + l){N + 2) 



and 



iVwl dx 



2 , ^Nr' 



B{xM,r) 



N 



Hence 

< /B(.M,r) I V^l' dx _^N+ 1){N + 2) 



fry, . dx 2r2 
Combining this with fl2.14p we derive 

^ (N+l)iN + 2)ir+\xM\)\ 
~ 2r'^m{xM) 

Therefore < A^v min(^, ^) if (^J^ holds. □. 
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The estimate f l2.13p has terms that are easy to compute, but are of course not optimal. 
In particular, the factor (^+iK^+^) qq^yi be replaced by the first eigenvalue of the Laplacian 
on a unit ball with Dirichlet boundary conditions. 

If m(x) is a continuous bounded and nonnegative function such that m(x) < m(0) on 
and m(0) > (or m(x) < m(oo) on M^, m(oo) > 0), then does not have a minimizer. 
Indeed, suppose that m(x) < m(0) on and that has a minimizer u. Then by the 
Hardy inequality we obtain 

So M is a minimizer for A^v, which is impossible. 

We now construct a ground state with infinite D^'^ norm. 



Theorem 2.8 Let 7 > 1 and assume that the function m G L°°(M^) satisfies 
(2.15) m(7x) = m{x) for x G M^. 

Then the form Qv with V{x) = and Ay = Ao (see \2.11\) below) admits a ground state 
V satisfying 



(2.16) v^'jx) =72 y(^x) for X G 



The function v is uniquely defined by its values on = {x E M^; 1 < |x| < 7} and moreover 
the function v\a^ is a minimizer for the problem 



(2.17) Ao = inf <; ; u G H\A,) - {0}, uM = ^^u{x) for 



X\ 



Proof The problem (12.171) is a compact variational problem that has a minimizer v which 
satisfies the equation 

-Av = Ao—^v, X G A^, 
\x\^ 

with the Neumann boundary conditions. Since the test functions satisfy u{'yx) = 7^~m(x) 
for = 1, one has 

(2.18) — (7x) = -^{x) for Ixl = 1. 

or or 

Note that |f | is also a minimizer, so we may assume that v is nonnegative. We now extend 
the function v from A^ to — {0} by using (I2.16P and denote the extended function again 
by V. Since v satisfies (I2.17p . the extended function v is of class C^(M^ — {0}) and satisfies 
the equation 

-Av = Ao^^v 
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in a weak sense. From this and the Harnack inequahty on bounded subsets of M'^ — {0} it 
follows that V is positive on — {0} and subsequently there exists a constant C > such 
that 

(2.19) C-^\x\— < v{x) < C\x\ — . 

We can now explain the choice of the exponent in the constraint u{'yx) = 'y^~^u{x) from 
fl2.17p : with any other choice the resulting Neumann condition would not yield the continuity 
of the derivatives of the extended function v on the spheres \x\ = 'j-' , j G N. Finally, we 
show that V is a ground state for the corresponding quadratic form Q with V{x) = Ao^j^. 

Using the ground state formula (2.7) from [2S] and 02.191) . we have with Wk{x) = \x\i for 
\x\ < 1 and Wkix) = \x\~k for |x| > 1, 

Q{vwk) = 
< 

as A; — 7- oo. Since vwk — )■ v uniformly on compact sets, this implies that t; is a ground state 
for Q. By (l2J9ll and the Sobolev inequality, v ^ D^'^{R^). □ 



v'^lVwkl'^dx < C 



\x 



2~N 



VtWfcP dx 



C_ 



dr ^ 



Ji 



OO 

r k dr < > 



3 Perturbations from virtual ground states 

In this section we show that if a potential term admits a (generalized or large or virtual) 
ground state, then its weakly continuous perturbations in the suitable direction will admit a 
ground state with the finite D^'^ norm. Then we investigate potentials that do not give rise 
to a ground state with finite D^'^ norm. 

We need the following existence result. 
Proposition 3.1 Let Vo G L'^'°°(R^) be positive on a set of positive measure and let 

(3.1) Ao = inf / iVul'^dx. 

«eZ)1.2(R^), Jj^N VoV? dx=l J^N 

Assume that V\ G L'^'°^(]R^) is positive on a set of positive measure and that the functional 
Jj^n{Vi{x) — Vo{x))u'^ dx is weakly continuous in D^'^(]R^) and let 

(3.2) Ai = inf / iViiprfx. 

«eDi.2{MJV), J^j^ Vim2 dx=l J^N 

If Ai < Ao, then there exists a minimizer for Ai. 
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Proof Let {uk} C D^'^(M^) be a minimizing sequence for (13. 2p . that is, J^j^ Vi{x)uldx = 1 
and Jjgiv |Vufcp(ix — > Ai. We may assume that, up to a subsequence, Uk ^ w in D^''^{R'^) 
and L^(R^, Vi(a;) dx). Let Vk = — w. Then 

1 = / Vi(x)M^dx= / yL(x)v^(ia:+ / Vi(x)ty^ + o(l) = / Vi(x)w^(ix 

jr'v y]g]v JiRiv J^jv 

+ / {Vi{x) -Vo{x))vldx+ Vo{x)vldx + o{l) 
Jrn Jr^ 

= / Voix)vldx+ / + o(l). 

Let t = f^ff Vi{x)w'^ dx. Then f^j^ Vo{x)vl dx 1 — t. Assuming that t < 1 we get 

Ai = / \Vvk\'^dx+ / |Vwp(ix + o(l) > Ao(l -t) + Alt + o(l). 

From this we deduce that Ai > Ao which is impossible. Hence J^^^ Vi{x)w'^ dx = 1. From 
this and the lower semi-continuity of the norm with respect to weak convergence, we derive 
that w is a. minimizer and —> w in D^''^{M.^). 

Proposition 13.11 is related to Theorem 1.7 in [32] which asserts that a potential of the 
form V{x) = + g{x), with a subcritical potential g (for the definition of a subcritical 
potential see [32]) has a principal eigenf unction. This follows from the fact that g is weakly 
continuous in D^'^(R^) (see [30]) and the potential g admits a principal eigenfunction. 

Remark 3.2 (i) IfVi > Vo, then Ai < Ao, but not necessarily Ai < Ao 

(ii) If in Proposition \3.1\ assumption Ai < Ao is replaced by Ao < Ai, then Ao is attained. 

Example 3.3 Let M be a continuous function M.^ such that M > 0, ^ on and M(0) = 
M{oo) = 0. Define mA.B{x) = BM{x) + A, where A > and B > are constants. Let 
Vi{x) = and Vo{x) = j^. The functional Jj^n{Vi{x) - Vo{x))u'^ dx = J^j^ ^j^u^ dx 

is weakly continuous in D^''^{M.^). It is easy to show that for every A > there exists Bo > 
such that Ai < Ao for B > Bo. By Proposition \3. 1\ Ai has a minimizer for B > Bo. 

We now give a sufficient condition for the inequality Ai < Ao. 

Theorem 3.4 Suppose that Vi and Vo satisfy assumptions of Proposition \3.1[ Moreover, 
assume that the quadratic form Qy^ has a positive ground state v, possibly with infinite D^'^ 
norm, and that, if {vk} C C^(R^) is a null sequence corresponding to Ao, then 

limsup / WW- KMK^x>0. 

fe— 5>oo JK-'V 

Then Ai < Ao and Ai has a minimizer. 
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Proof It suffices to show that the inequahty 

/ \Vu\^dx-Koi Vi{x)v?dx>Q 
Jrn Jr^ 

fails for some u E D^''^(M.^). We have 

/ \\/vk\'^dx - Ao / Vi{x)vldx = QvSvk) - Ao iVi{x) - Voix))vl dx 

Jrn Jrn J^n 

= o(l) - Ao /" (^1(2;) - Vo{x))vl dx<Q 

Jrn 

for sufficiently large k, which completes the proof of the theorem. □ 

Note that the conditions of Theorem 13.41 are satisfied if, in particular, Vi > Vo on M^, 
with the strict inequality on a set of positive measure. Indeed, the sequence {vk} converges 
weakly in H^^^{R^) to v > and the condition limsup;..^^^ /jgjv(^i(a^) — Vo{x))vldx > 
follows from the Fatou lemma. 

The situation becomes diff'erent if does not have a ground state. The absence of the 
ground state is stable property under small (in some sense) compact perturbation, but not 
under compact perturbations that are not small. 



Theorem 3.5 Assume that Vo satisfies the conditions of Proposition lSTH and that ( fi.5j) holds 
(this occurs under conditions of Theorem \1.4\ if Qvo has no ground state). Let W be as in 
lil.5\) . Then for every t E (O, the functional Qv^+tw has no ground state and Ky^+tw = 
Ay^. Furthermore, if the functional j^r^ W {x)v?' dx is weakly continuous in D^'^(R^), the 
the same conclusion holds for — 00 < f < 0. 

Proof First we observe that the constants Ao and Ai corresponding to K and Vi = Vo + tW, 
respectively, are equal. Indeed, since Vi > K, one has Ai < Ao by monotonicity. On the 
other hand, it follows from (11.51) that 

/ \Vu\^dx-Kol {Vo{x) + tW{x))u^ dx>Q 

for t E (0, ^) which implies Ai > Ao. Let Vk E C^{R^ - Z) satisfy Qv^{vk) ^ 0. Then 

(1 - Aot) / Wvl dx < Qv, (vk) 0, 

Jrn 

which implies that,up to subsequence, — )■ a.e. If were a null sequence, it would 
converge in H^^^iM.^) and it would have a limit zero. Therefore Qvi admits no null sequence 
and consequently no ground state. Assume now that the functional f^^ W{x)u'^ dx is weakly 
continuous in D^'^(M^). Let {wk} C D^'^(M^) be a minimizing sequence for Ao. If {wk} has 
a subsequence weakly convergent in D^'^{R^) to some 7^ 0, then it is easy to see that \w\ 
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would be a minimizer for Aq and thus a ground state for Qao- Therefore Wk 0. By the 
weak continuity of Jj^jv W{x)u^ dx we get 



and thus 



Vi{x)wldx= / Vo{x)wldx + o{l) = l + o{l) 
Jrn 

Ai < / \Vwkfdx = Ao + o{l). 



This yields Ai < Aq. Then 



/ \Vuf dx — Ai Vi{x)u'^ dx 



- iri I \^u?dx-A^I Vi{x)u^dx 

\JRN J^N 

= ^{QvSu)-tAo! W{x)u'^ dx) >Ai [ {A'^ - t)W{x)u^ dx. 

Since t < 0, this implies that Qvi has no ground state. □ 

Theorem 13.51 concerns with small perturbations of a potential that does not change the 
constant A or the absence of a ground state. The next theorem shows that a compact 
perturbation of the potential term yields a ground state of finite D^'^(M^) norm. 

Theorem 3.6 Assume that Vo satisfies conditions of Proposition [Ql and that W G L^'°°(]R^) 
is such that the functional Jj^^ W{x)u'^ dx is weakly continuous in D^'^(R^). Then for every 
A G (0,Ao) th ere exists cr G M such that Qvo+cjW has a ground state of finite D 
corresponding to the energy constant ( 15*. ^j) . 



^'^(R^) norm 



Proof Assume without loss of generality that W is positive on a set of positive measure. 
Let < A < Ao and consider 



inf /" \^u\^dx-x[ Vo{x)u^dx]. 



Since ^ Jj^jv | V-up dx — X J^^^ Vo{x)u^ dxj defines an equivalent norm on D^'^(R^) it is easy 

to show that there exists a minimizer for a. It is clear that this minimizer is also a ground 
state of Qvo+(tW corresponding to the optimal constant A. □ 

If we assume additionally that W is positive on a set of positive measure, then it is 
easy to show that a is a continuous decreasing function of A with limA-^o c"(A) = +oo and 
(To = limA^Ao o"(A) > 0. In particular, if (11. 5p holds with a weight Wo satisfying Wo > aW, 
then (To > a. In other words, given Vo and W as in Theorem 13.61 the potential Vo + aW 
admits a ground state whenever a > ao- 

For further results of that nature we refer to paper j32j . 
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4 Behaviour of a ground state around 



In what follows we consider the potential of the Hardy type V{x) = -^j^, where m{x) is 
continuous and m(0) > and m(oo) > 0. The corresponding ground state, if it exists, is 
denoted by ^i, which is chosen to be positive on M^. Obviously the ground state satisfies 
the equation 

(4.1) Au = Am'^u in 



\x 



in a weak sense. 

We need the following extension of the Hardy inequality: let Q C M.^ be a bounded 
domain and G 0, then for every 6 > there exists a constant A{6, Q) > such that 

(4.2) J J^'^^^i-^ + ^) J \'^u\'^dx + A{6,n) J u^dx 

for every u G H^{Q) (see [TT]). 
Proposition 4.1 Let 



Am < Ajy min 



1 



^m(O) ' m{oo] 

Then <pi e (S(0, r)) for some 5 > and r > 0. 

Proof Let $ G C^{R^) be such that $(x) = 1 on S(0,r), $(2;) = on - S(0,2r), 
< $(a;) < 1 on and |V$(a;)| < ^. For simphcity we set A = A^, u = 0i. We define 
V = $^umin(u, L)^~^ = where L > and p > 2. Testing (14.11) with v, we get 

[ (|Vm|X~^*^ + (p - 2)VwVml<"^$^ + 2VmV$m<~^$) (ix 



JR'V 1 2; I 



Applying the Young inequality to the third term on the left side, we get 
(l-ri) [ \Vu\\l-^^^ dx + ip-2) [ VuVuluI''^^'^ dx 

< A 



mix 



jjjv \X 



-u\l~^<!>^dx + C{r]) [ u\l-^\V<!>\^ dx, 

where 77 > is a small number to be suitably chosen. Since the second integral on the left 
side is nonnegative, this inequality can be rewritten in the following form 

{I-V) I \Vu\\l~^<!>^ dx + {l-r]){p-2) I VuVuluI~^<!>^ dx 

^-u\l-^^^ dx + Cir]) [ u\l-^\V^\^dx. 



< A 



m(xi 



jgjv \X 
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Multiplying this inequality by and noting that > 1, we get 

p2 _ 4 



(4.3) 



< 



+ 



4 

Xip+2) 



m(x 



RJV \X 



2 U\l~^<^^ dx 



We now observe that 



|v( 



UU 



Hence (14.31) takes the form 

(4.4) (1-^) [ \V{uul'^)\^<l>^ dx 

Jm 



< 



+ 



m(Xl 2 p-2^2 



KJV \X 



2 u'ul''^' dx 



[ u\l-^\V^\^dx. 



Q- Am(0) 

Am 



< 1, we can choose ei > so that ;^("^(0) + ei) < 1. By the continuity of m 



there exists < ri < r such that m{x) < m(0) + ei for x E 5(0, ri). This is now used to 
estimate the first integral on the right side of (14. 4p : 

A(p + 2) 



m(x 



KJV \X\ 



'Vul'^^Ux < [ 

- 4 

X{p + 2)\\m 



B{0,ri) 
oo 



M0) + ^1 .^2^p-2^^ 



\x\ 



4rf 



M^M^ ^ dx. 



B{0,2r) 



Applying the Hardy inequality (14. 2p . we get 

A(p + 2) r 

4 JB(0,r) 



^(3^) 2 P-2 , ^ A(p + 2) 
-^-^u ul dx < 



\x\ 



+ 



+ 



4 

A(p + 2) 



^-l^|2 



(m(0) + ei)(-^ + e) / |V(««p)|^dx 



A{B{0,n),e) 



A(p + 2)||m| 
4^2 



[uul dx 



B(0,2r) 



for every e > 0. Inserting this estimate into (14. 4 p we obtain 
(4.5) 

£_1. 



4 Aat 



B(0,r) 



I V('U'U 



1 1P 



B(0,2r) 



where Ci 



A(p+2) 



/l(5(0,ri),e) + 



A(p+2)||m.H 
4r? 



(p+2)C(r;) 



We put p = 2 + 6, 6 > 0. We now 



observe that we can choose 6 and e so small that 



A(l + ^) (m(0) + eO i^ + ^) = ^i^ + l) ("^(0) + ^i) + ^^(l + J) (m(0) + e,) < 1. 
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We point out that we have used here the inequahty -x^inT^i^) + ei) < 1. With this choice of 
e and S we now choose rj > so small that 

C2 := 1 - - A(l + ^)(m(0) + ei)(-^ + e) > 0. 

Finally, we apply the Sobolev inequality in H^{B{0,r)) and deduce 

2 

SC2( [ luul'^fdx) <(Ci + C2) [ {uurydx, 

where S denotes the best Sobolev constant of the embedding of H^{B{0, r)) into {B{0, r)). 
Letting L — )■ 00 we deduce that u E L^**^^+2)(B(0, r)). So the assertion holds with 5o = |- n 

We now establish the higher integrability property of the principal eigenfunction on 
\ B{0,R). Although this will not be used in the sequel, we add it for the sake of 
completness. We denote by D^''^{M.^ \ B{0, R)) the Sobolev space defined by 

\ B{0, R)) ^{u:Vue L'(M^ \ B{0, R)) and u e L^* (R^^ \ B{0, R))}. 



Lemma 4.2 For every 5 > 0, there exists a constant A — A{5, R) > such that 
f -?^dx<{^ + 5) I \Vu\'^dx + A[ u^dx 

J\x\>R fI J\x\>R Jr<\x\<R+1 

for every u e D^''^{R^ \ B{0, R)). 



Proof Let $ e C\R^) be such that = on B{0, R), = 1 on \ 5(0, R+1), 

2_ 
R 

Hardy and Young inequalities, we have 



< < 1 on \ B{0, R) and |V$(a;)| < | on R^. Then e D^'^{R^) and by the 



--^rdx = / \ ,„ dx+ / — — TTT^! — dx 



\x\>R Fl J\x\>R p| J\x\>R F 



< A^W \V{u<^)\^dx + ^ [ v?dx 

'\x\>R ^ JR<\x\<R-\-\ 



< A-^ / |VM|2$^da; + A-i / u'^\V^\^ dx 

J\x\>R J\x\>R 

+ 2A]v^ / w$ViiV$da; + ^ / dx 

J\x\>R R Jr<\x\<R+1 

< (A-^ + 5) / \Vu\^dx+{A]^^ + C{5)) f u^\V^\^dx 

J\x\>R J\x\>R 

and the result follows with A{6, R) = ;^(A^^ + C{6)) + ^. □ 



+ -7^ I 

'r<\x\<r+i 
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Proposition 4.3 Suppose that m(oo) > and < Aj^jmmy^^^^-^^^^^j . Let (pi be the 

principal eigenfunction of problem ( [^. Then there exist 6 > and R > such that 
0eL2*(i+^)(M^\S(O,i?)). 

Proof We modify the argument used in the proof of Proposition 14.11 Since A.^ < 



m(oo) ' 



there exist e > and R > such that ^(m(oo) + e) < 1 and m(x) < m(oo) + e for 
|x| > R. Let ^ e C\R^) be such that ^(x) = on B{0,R), ^{x) = 1 on -B{0,R+1), 
< ^(x) < 1 on and |V^(x)| < | on . Let X = A^, u = (pi and v = where 
L > 1, p > 2 and ul = min(ii, L). It is clear that v G D^''^[R^). Testing (14. ip with v and 
applying the Young inequality, we obtain 

(I-V) iVul^l'^"^^ dx + (p-2) / VuVuLU^-'^^i/^ dx 

J R'V I X I JjjiV 

From this, as in the proof of Proposition 14. H we derive that 



(4.6) (l-v) [ \V(uul-')\'^''dx < ^^P±^ [ HMu'ul-'^'dx 

Jrn 4 J^N \x\ 

[ u\l-^\V<il\^ dx. 



We now estimate the first integral on the right side of (14. 6 p . Using Lemma 14.21 we have for 
every ei > 

ilR'v |x| J\x\>R+l fI 

f [uul ) 

+ (m(oo) + e) / — j— 1^ — dx 

Jr<\x\<b.+i fI 

r 

|a;|>K+l 



< (A^i + ei)(m(oo) + e) / |V(n4')r(ix 

^|a;|>K+l 
/" — — 12 

+ y4(ei,i?)(m(oo) + e) / (^zwl ) dx 



' R.+l<\x\<R+2 

+ ^^^^ / (™!-7^<i- 

Inserting this into (14. 6 p we obtain 

.f-lM2 



l-^-^^(A^^ + ^i)Moo) + e) 



(4.7) 

< Ci((5,ei,i?) /" (nnf^Yfia; 



|x|>_R+l 



' R<\x\<R+2 
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where 

^/r + , , A(p + 2), , , , C{r]){p+2) 
C,{6, e,,R) := ' {m{oo) + e)A{e,,R) + ^|^(m(oo) + e) + 

We now set p = 2 + (5. We choose 6 > and ei > such that 

A(l + ^)(A^i + ei)(m(oo) + e)<l. 

Then we choose r] > small enough to guarantee the inequality 

C2 := 1 - r/ - A(l + -) (A^i + ei)(m(oo) + e) > 0. 

Having chosen ei and 5 we apply the Sobolev inequahty to deduce from (14.71) 

2 

802(1 \{uul~^)f dx] <Ci [ {uul^ydx, 

\J\x\>R+l / Jr<\x\<R+1 

where 5* is the best Sobolev constant for the embedding of D^''^(M.^ — B{0,R + 1)) into 
L^* (R^ - B(0, i? + 1)). Letting L ^ 00, the result follows. □ 

Continuing with the above notations A = A^, u = we put u = \x\~'^v, with s > to 
be chosen later. We have 

div [Ixl'^'Vv) = -X\x\~'^~'m{x)u + u{~s'^\x\~'~'^ + sA^|x|"'"^ - 2s\x\~''~'^) . 

We now consider the above equation in a small ball 5(0, r). Since 

,1 1 A Aat 
A = Am < AArmml — 7::^, — : — r I < 



m(0) ' m(oo) J m(0) ' 

there exists r > (small enough) such that XmaXxeB{o,r)fn{x) < A^. Let s = y/A^ 
y/ Aj\f — Arrir with rhr = max2,gs(o,r) 'm{x), then 

(4.8) - div (Ixl-^'Vi') < in B{0,r). 
Let m^ = min^gB(o,r) rn{x) and set s = y/A^ — a/A^v — Anij,. Then 

(4.9) -div (ixr^'Vv) > in S(0, 



r . 



Proposition 4.4 Let m(0) > and 

Am < Aat min ' 
Then there exists r > such that 



m(0) ' m(oo] 



(4.10) Milxp^^-V^^"^— < 0i(x) < Mslxr^^-^^^-^'"™'-) 

/or 2; G 5(0, r) anc? some constants Mi > 0, M2 > 0. 
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The lower bound follows from Proposition 2.2 in \T3\. To apply it we need inequality (14. 9p . 
To establish the upper bound, we modify the argument used in paper [16]. Let rj he a. 
function such that 77(0;) = 1 on B{0,r), r]{x) = on \ 5(0, p) and |V77(2;)| < on M^, 

where < r < p. We use as a test function in (14. 8 p w = rfvvj'^^ = r]'^vmm{v,l)'^''^~^\ 
where l,t> 1. Substituting into ( 14. Sp . we obtain 

(4.11) [ \x\-^'{2rivvf''''^^VvVr] + r]'^vf^'~^^\Vv\^ + 2{t - l)7fvf^''^\Vvi\^) dx < 0, 



where s = yA/v — v^Aat — Am^. By the Young inequality, for every e > there exists 
C(e) > such that 

2 / \x\-'^'7]vvf^^'^^Vr]Vvdx < e [ \x\-^'r]\f^^'^^\Vv\^ dx 
Jrn Jrn 

+ C{e) [ \x\-^'\Vv\^v%f^^Ux. 

Taking e = we derive from (14.111) that 

(4.12) [ |x|-2^(7;\f-^V^r + 2{t-l)7]^vf'^'-'^\Vvi\^)dx 

< C [ |x|-2^|V?7|Vi;f-')rfa;, 

where C > is a constant independent of /. To proceed further we use the Caffarelli - Kohn 
- Nirenberg inequality [9]: 

(4.13) ([ \x\-''P\w\PdxY <Ca,b [ Ixl'^^lVwl^x 
\Jb(0,p) J ' Jb{o,p) 



for every w G H^[B{0, p), \x\ ^"dx), where —00 < a < a<b<a + l,p = jy- 2+2(6- a) 
and Ca,b > is a constant depending on a and b. We choose 

/ / — - 2 

a = b = V Atv — \/ An — Xrur < — - — . 

In this case we have p = 2*. We then deduce from (I4.12p and (14.131) with w = rivvj~^, that 

2 

(4.14)f / \x\-^*'\rjvvj-Y dxY* < Ca,b [ \x\-^'\V {vvvj-')\^ dx 



< 2Ca.b [ |xr2^(|Vr;|Vt;f-') + r7\f-')|Vt;|2 
+ {t-l)Yvf^'"'^\Vvi\^)dx 

< Ct [ \x\-^*'\Vr]\^v^vf'^'~^Ux. 
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We now observe that 

-2*si |2*„.2„.2*t-2 7„ ^ / |„|-2*s| t-l\2* 



\x\-' '\7]\' v'vf '-'dx < / \x\-' '\r]vv\-'\' dx. 

Indeed, to show this we need to check that v'^vf < on supp rj. This can be 

verified by considering the cases vi = I and vi = v. The above inequahty allows us to rewrite 
fimi) as 

\x\~^''\7]fv\r-Uxy* <Ct [ \x\-^''^\Vv\'v\f^'-'^ dx. 
Due to the properties of the function r], the above inequality becomes 

2 

(4.15) ( [ \xr^''%'vp-^dxY <—^ [ 

\JB{0,r) J {p-rfjEM 

One can easily check that the resulting integral on the right side is of (14.151) is finite. We 
now choose ^^^^2 < ^* < (1 + So)j^z2, "where 6o is a constant from Proposition 14.11 We define 
the sequence tj = t*(^^y , j = 0, 1, . . .. Setting t = tj in (I4.15p . we obtain 



|^|-2*s^2 2t,+,-2 ^\ ^ / r^^) ( / \xr*^v\f'^-' dx 

'B(0,r) J \ip-r)y \JBiO,p) 

We put Tj = Po (l + pi) , i = 0, 1, . . . with po small. Substituting in the last inequality p = rj, 

r = Tj+i, we obtain 

(4.16) 



x\-'*^v'vr^-^-' dx] "^"^ < C ^ f U,-2-.„,2.,2t.-2 



Iterating gives 













jB(0,rj) 



2tj 



(4.17)( / \x\-''''v\f''+'-^ dx 

We now notice that infinite sums and the infinite product in the above inequality are finite. 

Since 2* < 2r < (1 + (5o)2*, we have 

(4.19) 

f \x\-^*'v^vf-^ dx< [ dx < rf [ \ur* dx < oo. 

JB{0,ra) JB{0,ro) J B{0,ro) 

We now deduce from (I4.17P and (I4.19P that 

l2*J+1(S(0,Po)) - ll''^'llL^':J+i(B(0,rj + i)) 



2t 



J + 1 



1 

2^ 



< ro"^+^( / \x\-^'''vV,^^'-'dx] '^"<C, 

S(0,r,+i) 
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where C > is a constant independent of / and j. Letting tj — )■ oo we get ||i^/||l°°(b(o,po)) — C*- 
Finally, if i ^ oo we obtain ||f ||l°°(b(o,po)) — ^ this completes the proof. □ 
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